We consider the factorized groomed jet mass distribution in inclusive jet processes using modified mass drop tagger (mMDT), corresponding to soft drop with the angular exponent β = 0. A grooming procedure is implemented rather than tagging in the sense that grooming always returns a groomed jet, while tagging dose not return a jet when a single particle remains after tagging. We find that the grooming procedure makes the jet mass distribution infrared safe and only ultraviolet divergences appear in each factorized part. The groomed jet mass distributions are investigated in a wide range of the jet mass considering various limits on the jet mass variable ρ = M 2 J /(p J T R) 2 and the grooming cut y c . Appropriate effective theories in different kinematic regions are employed to resum large logarithms, in which the analysis in the region ρ ∼ y c 1 is included due to the different type of factorization. The analytic computation of the factorized groomed jet mass distribution is presented by resumming the large logarithms in the jet mass, and y c . Numerically, the effect of the resummation is notably enhanced, compared with the calculation at next-to-leading order, and nonglobal logarithms are estimated to be small.
Introduction
Study of jet substructure becomes more important in the era of LHC. At high energy, heavy particles such as the W , Z, Higgs bosons or the top quark are boosted and the decay products become energetic and collinear, producing jets. The signal jets from heavy particles will have different jet substructures compared to jets produced by quantum chromodynamics (QCD).
In order to obtain clearer information on the signal jets, it is imperative to filter out the background. The background consists of multiple parton scattering and pileup, etc., called underlying events, which will affect the invariant jet mass significantly. Once we understand how the background can be controlled, we can make more precise description on the signal jet. On the other hand, it is also important how the background can be reduced in the jets produced by QCD, which also become the background for the signal jets. Here we consider how to tame the background and probe the substructure of the QCD jets, which will be the starting point for studying the substructure of the signal jets.
In analyzing jet substructure, there have been many methods which remove wide-angle soft radiation. For example, mass drop tagger (MDT) [1] and its modified version (mMDT) [2] were developed and recently soft drop [3] has been suggested, which includes mMDT as a special case with the angular exponent β = 0. Their main goal is taking away soft particles, which are likely to come from background, to obtain the information on the hard jets which can be related to the partons participating in the hard scattering.
One of the most important observables in jet substructure is the jet mass distribution [4] [5] [6] [7] [8] [9] [10] [11] , and the plain jet mass distribution with small jet radius using the soft-collinear effective theory (SCET) [12] [13] [14] [15] was considered in Refs. [16] [17] [18] [19] [20] . The studies of the groomed jet mass distribution have become rapidly increasing with recent experimental analyses. (See, for example, Ref. [21] .) In Refs. [2, 3, 22] , the analytical calculation for the jet mass distributions with grooming was extensively investigated in QCD. Recently, the groomed jet mass distribution was studied through the resummation of large logarithms [23] [24] [25] [26] [27] . The analyses have been performed to next-to-leading logarithmic (NLL) accuracy, except Ref. [23, 24] , in which the groomed jet mass distribution was obtained to next-to-next-to-leading logarithmic (NNLL) accuracy using soft drop (mMDT as a special case) in SCET.
We consider the groomed jet mass distribution in inclusive jet cross sections, in which an energetic parton can be fragmented to the observed jet. The jet radius R is supposed to be small, and the jet is described basically by collinear interactions. 1 In this process, we investigate the groomed jet mass distribution from the fragmenting jet functions (FJFs) [29] [30] [31] .
Here the FJFs can provide the detailed information on the jet substructures. The advantage of considering the groomed jet mass distribution in the FJFs is that the dependence on the jet mass and the grooming parameter resides only in this part in the scattering cross section. Since the FJFs describe the properties of the final-state particles, they can be studied independent of the scattering processes. That is, we can probe the jet mass distribution in hadron-hadron scattering, as well as in e + e − annihilation with a slight modification of the kinematic variables.
In constructing the jet mass distribution, there is an issue of "grooming" versus "tagging". Though there is no general agreement on the exact definition on grooming and tagging, grooming implies that it always returns an output jet, while tagging sometimes does not [2] .
Theoretically, this also becomes an issue even at lowest order in which a jet consists of two partons. In tagging, if the energy-cut criterion is satisfied, the jet is tagged with the original jet mass as the tagged mass. Otherwise no jet contributes to the tagged jet mass distribution. The removal of the jet when the tagging criterion is not satisfied renders the jet mass distribution infrared (IR) sensitive as the jet mass M J approaches zero. In grooming, when the grooming criterion is not satisfied, the final jet consisting of a single energetic parton is included in the jet mass distribution. This contribution is concentrated where the jet mass M J is zero. Therefore adopting grooming means that we add the contribution of the δ(M 2 J ) part to the groomed jet mass distribution when the grooming criterion is not satisfied.
In our paper, we choose the groomer in computing the jet mass distributions. In fact, we show that the groomer is theoretically in a better shape since, after factorization, each factorized part of the groomed jet mass distributions turns out to be IR safe. This IR safety enables us to resum large logarithms via the renormalization group (RG) equation. We emphasize that the RG equation is meaningful only when there is IR safety, or at least, IR and UV divergences are separated, so that nonperturbative IR dynamics does not mix with ultraviolet (UV) behavior, as in the case of the parton distribution functions. And the normalization of the groomed jet mass distributions can be smoothly connected to the plain jet mass distribution without grooming. Furthermore, after the normalization, the groomed jet mass distribution becomes independent of the renormalization scale.
Introducing the dimensionless variable ρ = M 2 J /(p J T R) 2 , we probe the groomed jet mass distribution in a wide range of ρ compared to the grooming parameter y c in mMDT. Here p J T is the jet transverse momentum (before grooming) relative to the beam axis. In the whole range of the jet masses, there are distinct kinematic regions, which show their own characteristics:
(i) ρ ∼ y c ∼ O(1). If we take the limit y c → 0, the region corresponds to y c ρ ∼ O (1) , which call the tail region. (ii) ρ y c ∼ O (1) . (iii) ρ ∼ y c 1, which we call the midrange region.
Finally (iv) ρ y c 1, which we call the peak region. Note that y c will be fixed at 0.1 in the numerical analysis, but it can be regarded as small or of order 1 compared to the value of ρ.
The tail region corresponds to the ungroomed case, and the resummation of large logarithms of ρ and y c (z cut ) near the peak region has been considered in Refs. [23, 24, 27] . Here we newly include the resummation on the midrange region with ρ ∼ y c 1, in which a different factorization structure is obtained for the resummation of ln ρ and ln y c . In all these regions, there are various collinear modes with different scaling behavior, which result in different types of factorization. We employ appropriate effective theories to compute the factorized parts and resum the large logarithms of ln ρ or ln y c . Also we confirm that all the factorized functions are IR safe and contain only UV divergence when the grooming procedure is applied. Based on the results, we are able to describe the behavior of the groomed jet mass distribution in a wide range of ρ, say, from O(10 −5 ) to O(1), with different forms of factorization.
The organization of the paper is as follows: In Sec. 2, the plain jet mass distribution from the FJFs before grooming is briefly described, and it offers the basis for defining the groomed jet mass distribution. In Sec. 3, we explain how the grooming procedure is applied to the FJFs, and define the groomed jet mass distribution. The theoretical implementation of grooming is described in detail, especially about how to obtain the IR safe results. In Sec. 4, we identify important modes in different regions, employ the relevant effective theories, and compute the factorized parts of the groomed jet mass distribution to next-to-leading order (NLO) in α s . In Sec. 5, we resum the large logarithms that appear in the midrange and the peak regions to NLL accuracy. In Sec. 6, numerical analysis is performed for the groomed jet mass distributions in the whole range of the jet mass by interpolating the resummed results in various regions. The effect of the nonglobal logarithms is also estimated. In Sec. 7, we present conclusions.
In Appendix A, we list all the functions appearing in the text. In Appendix B, the relation between the Λ-distribution and the standard plus distribution functions is given. In Appendix C, details in obtainingC k (y c , Q 2 , µ) in Case (i), and S II k (y 2 c Q 2 , µ) in Case (iv) are presented with the structure of the phase spaces. In Appendix D, we show the results in the midrange and the peak regions, employing soft drop with β ≥ 0.
it is process-independent and is also independent of the renormalization scale. The remaining product of the partonic cross section with the FFJ in Eq. (2.3) is scale invariant as well [36] .
The FFJ and the JFF are the probabilities, satisfying the momentum sum rules The fragmenting processes from the quark and the gluon jets in SCET are described bỹ
⊥µ,a n |l(p + , p ⊥ )X l(p + , p ⊥ )X|B ⊥,a n,µ |0 , (2.5) where the spacetime dimension is D = 4 − 2 , and χ n = W † n ξ n is the collinear quark field in the n-lightcone direction, with the collinear Wilson line W n . And B ⊥µ,a n = in ρ g µν ⊥ G b n,ρν W ba n = in ρ g µν ⊥ W †,ba n G b n,ρν is the collinear gluon field strength tensor, where W n is the Wilson line in the adjoint representation. In our convention p + ≡ n · p = p 0 +n J · p, p − ≡ n · p = p 0 −n J · p, where n 2 = n 2 = 0, n · n = 2, andn J is the unit vector along the jet direction.
Note thatD l/J k and the integrated jet function J k within the jet are related by To one loop, the integrated jet functions with the k T -type algorithms are given as [41, [43] [44] [45] J q (p J T R, µ) = 1 + α s C F 2π
where β 0 = 11N c /3 − 2n f /3, C A = N c = 3, and n f is the number of quark flavors. The JFF D h/J k is normalized fromD h/J k divided by J k , and is given by
of the csoft Wilson lines in the adjoint representation. Note that the collinear and csoft modes are sensitive to the jet boundary characterized by the jet radius R, while the ultracollinear modes are too narrow to recognize it. The large energy hierarchy between the collinear and csoft modes could give rise to large nonglobal logarithms (NGLs) [54, 55] , which give sizable uncertainty in estimating the small jet mass distributions.
3 Jet grooming and the groomed jet mass distribution
We employ mMDT [2] for grooming, which involves two parameters y c and µ. It is prescribed as follows: For an initial jet j, 1. Decluster the jet j into two subjets j 1 and j 2 with m j 1 > m j 2 by undoing the last clustering process.
2. If there is a significant mass drop, m j 1 < µm j , and the splitting satisfies the criterion min(p 2 T j 1 , p 2 T j 2 ) ∆R 2
then take j to be the tagged jet.
3. Otherwise redefine j to be that of j 1 and j 2 with the larger transverse mass m 2 + p 2 T and go back to step 1 (unless j consists of a single particle, in which case the original jet is deemed untagged.) At leading order in which the jet consists of two partons, when the jet is declustered, each jet is massless and the mass drop condition is automatically satisfied and the parameter µ is irrelevant. Then, if the criterion in Eq. (3.1) is satisfied, the jet is tagged. Otherwise, the jet does not contribute to the tagged jet mass distribution. On the other hand, soft drop has a more generalized criterion. Compared to the mMDT condition in Eq. (3.1), it is given as
where z cut has the same role as y c in mMDT and β is the angular exponent to control the dependence of the angle between the two partons, θ 12 = ∆y 2 12 + ∆φ 2 12 . The limit β → 0 corresponds to mMDT. We will also use soft drop in the midrange and peak regions. This is the original prescription, but we further implement the idea of "grooming", which always returns a groomed jet. It means that, when a single particle remains in the jet after grooming, we include the contribution of the single particle to the groomed jet mass distribution. That is, we include the contribution of the jet mass with M J = 0. Even though the criterion for mMDT or soft drop is not satisfied, the remaining particles contribute to the jet mass. It also holds when only a single particle remains in the jet. Therefore the "groomed jet mass distribution" starts from δ(M 2 J ) at order α 0 s . Also at NLO, we include the virtual corrections to the jet mass distribution, which cancel the IR divergence in the real emissions.
This makes the resultant groomed jet mass distribution IR safe even in the limit M J → 0. grooming procedure. 2 This makes it convenient to factorize the jet mass distribution when we consider various small limits of ρ and y c . Through the NLO calculations in various limits, we can understand the factorization structure and its consistency transparently. Moreover, the resummation of the large logarithms arising from small ρ and y c can be systematically performed mainly from the NLO results of each factorized part, as we will show later. In the next section, we investigate the groomed jet mass distributions in various limits of ρ and y c .
We employ appropriate effective theories for different modes in each region to establish the factorization.
Groomed jet mass distribution in various regions
In Eq. (3.7), we have considered the groomed jet mass distribution in the tail region ρ ∼ y c ∼ O(1) without taking specific limits on ρ = M 2 /(p J T R) 2 and y c . In this case, we can describe the distribution only with the collinear modes scaling as (p + c , p − c , p ⊥ c ) ∼ p J T (1, R 2 , R). In this section, we consider the cases with small jet mass for different hierarchies of ρ and y c . They are given as Since the jet mass is small, there exist characteristic scales smaller than the collinear scale µ c ∼ p J T R. In fact, various subsets of the collinear modes are required to describe the dynamics at lower scales than the collinear scale. Here z is the energy fraction of a parton and M 2 is the invariant mass squared. The parabola is the jet boundary, dictated by the k T -type algorithm. The region between z max and z min under the parabola is the region satisfying the mMDT criterion, Eq. (3.1). 
ρ y c ∼ O(1)
In this case, the ultracollinear mode entirely describes the groomed nonzero jet mass, but this mode is insensitive to the jet boundary. In Fig. 2 -(a), the phase space for the ultracollinear mode is shown. The shaded region satisfies the mMDT criterion in Eq. (3.1) and contributes to the nonzero groomed mass. Since the invariant mass squared for the ultracollinear mode is small, the upper bound for M 2 extends to infinity. Outside the shaded region, δ(M 2 J ) is returned since the remaining single energetic parton is included in the "grooming" procedure.
As a result, at NLO in α s , the groomed jet functions from the ultracollinear mode are expressed as (k = q, g)
HereG l/k (z, M 2 ) is the generic FJFs introduced in Ref. [29, 30] . Unlike G l/J k that was intro- Even though the collinear mode does not contribute to the groomed nonzero jet mass, it can radiate in the regions [0, z min ) and (z max , 1] inside a jet. Employing the zero-bin subtraction [56] to avoid double counting on the phase space overlapped with the ultracollinear mode, the one-loop result for the collinear mode is IR finite and the divergence is of the UV origin. The renormalized collinear contribution to NLO in α s is given bỹ
where we use Q ≡ p J T R for simplicity, and M 2 c = Q 2 y c /(1 + y c ) 2 . In Appendix C we show the details of the calculation.
As a result, the groomed jet mass distribution functions Φ k (k = q, g) in the limit ρ
Combining Eqs. Then, as explained previously, the nonzero groomed jet mass can be described by the ultracollinear mode and the csoft mode. Since the ultracollinear mode cannot recognize the (ungroomed) jet boundary and the mMDT criterion, the contribution yields the standard jet functions, which are given to NLO as
The decoupled csoft gluons from the collinear fields form the csoft Wilson lines Y n(n),cs .
Similar to Eq. (2.17), the contribution to the groomed jet mass (with an energetic quark) is expressed as
And S I g is expressed in terms of the Wilson lines in the adjoint representation. Here Θ cs represents the mMDT criterion in Eq. (3.1), which the csoft mode should pass. The phase space for the csoft mode to pass the criterion is illustrated as a shaded region in The contribution from the shaded region in Fig. 2-(b) involves the IR divergence as M goes to zero. This IR divergence is proportional to δ(M 2 ) in the Λ-distribution defined in Eq. (3.6). Then the IR divergence in the real emission, appearing in the part with δ(M 2 ), is cancelled by the virtual contribution. And there remains only the UV divergence. As a result we find that the renormalized csoft functions to NLO are given as
where M 2 c = y c Q 2 , and we set the upper bound to Λ 2 = M 2 c in the Λ-distribution. The results with mMDT, along with those with soft drop in Appendix D.1 are new.
Finally the groomed jet mass distribution functions Φ k in the limit ρ ∼ y c 1 are factorized as
The factorization structure is the same as the factorized expression for the plain jet mass in the
.] What is different from the plain jet mass distribution is that the csoft function S I k in Eq. (4.11) is affected by the mMDT criterion. Note that both groomed and ungroomed jet mass distributions are scale invariant. Therefore the renormalization behavior of S I k is the same in both cases, too. It will be explained in detail in Sec. 5. Expanding all the terms to NLO in the factorized parts, the groomed jet mass distribution functions Φ (1) k (y c , M 2 ) at fixed order in α s are given as
These are consistent with the results in Eq. (3.7) in the limit y c O(1).
The peak region: ρ y c 1
In the peak region, there are distinct contributions from the collinear modes with p 2 c ∼ (p J T R) 2 , the csoft modes with p 2 cs ∼ y 2 c (p J T R) 2 , the ultracollinear modes with p 2 uc ∼ M 2 J and finally the ucsoft modes with p 2 ucs ∼ y c M 2 J to express the groomed jet mass distribution Φ k . The collinear mode cannot radiate inside a jet since ρ 1, and the csoft mode cannot satisfy ρ y c .
Therefore none of these modes contributes to nonzero jet mass, hence these modes contribute only to the normalization. On the other hand, the ultracollinear and the ucsoft modes can contribute to the nonzero groomed jet mass.
The factorized groomed jet mass distribution functions are written as (k = q, g)
The collinear functions C k are the inverse of the integrated jet functions J −1 k (Q 2 , µ) as in Eqs. (2.14) and (4.11). However, S II k are the csoft contributions in this region, different from S I k in Eq. (4.11). J k are the standard jet functions for the ultracollinear mode, that also appear in Eqs. (2.14) and (4.11) . Finally U k are the ucsoft contributions to the jet mass distributions.
The detailed calculation of S II k is shown in Appendix C. After the zero-bin subtraction, the NLO results are free of IR divergence and the renormalized results are given as
The ucsoft functions U k in Eq. (4.14) can be defined in a similar way to S I k in Eq. (4.9), except that the Wilson lines are replaced by those with the ucsoft gauge fields and the conditional function Θ cs is replaced by Θ ucs due to the different scaling of the ucsoft mode. As a result, the quark ucsoft function is defined as Similar to computing S I k , we can calculate the NLO contributions to U k employing the Λ-distribution. Then the IR divergences are cancelled by the virtual contributions, and the renormalized results to NLO are given as
(4.17)
By expanding the factorized functions in Eq. (4.14) to order α s , we verify that the NLO results are consistent with the results in Eq. (3.7) [or Eqs. (4.12) and (4.13)] after taking the limit ρ y c 1. The ucsoft function is also computed using soft drop, and it is given in Appendix D.2.
Resummed Groomed Jet Mass Distributions
We perform the resummation of the large logarithms arising from small y c and ρ in the groomed jet mass distributions. Though we will fix y c = 0.1 in numerical analysis, here we regard y c as a very small number in order to investigate the resummed effects of the large logarithms in y c . We have two distinctive small jet-mass regions: the midrange region (ρ ∼ y c 1) and the peak region (ρ y c 1). These two regions have different factorized structures, hence different resummation effects.
The resummation of large logarithms can be achieved by solving the RG equation of the factorized parts. We first factorize the groomed jet mass distributions, and find the appropriate scales at which the logarithms of the factorized functions are minimized. Then each factorized function is evolved by the RG equation to a common factorization scale µ f . Combining all the RG evolutions of each factorized yields the resummation of the large logarithms.
The groomed jet mass distribution functions in the midrange and peak regions involve double logarithms at NLO. So the resummed result at leading logarithmic (LL) accuracy,
, is estimated to be larger than the O(1) contributions. Here L represents the large logarithms in small ρ or y c . Hence, in order to include O(1) contributions we resum the large logarithms up to NLL accuracy, which is schematically given
From now on, we use the dimensionless jet mass variable ρ = M 2 (J) /Q 2 to consider the dimensionless functions with ρ for the jet mass distribution and its factorized functions. 3 The relation between the dimensionless functionsf (ρ) and the dimensionful functions f (M 2 ) is
With the dimensionless functions, we can express the Λ-distributions in the dimensionful functions in terms of the standard plus distributions and δ(ρ). The standard plus distribution is defined as
where h(ρ) is an arbitrary function that is smooth at ρ = 0. The details of the conversion are shown in Appendix B.
Midrange region: ρ ∼ y c 1
The factorization theorem in the midrange region is given in Eq. (4.11), and the factorized functions satisfy the following RG equations:
where k = q, g, andf k =J k ,S I k . The anomalous dimensions in general can be expressed as
are the cusp anomalous dimensions [57, 58] , and the first two coefficients are given by 
We find that the factorization structure for the groomed jet mass distribution is the same as that for the plain jet mass distribution in the limit ρ 1. (See Ref. [19] .) In this limit the grooming effects (represented by y c ) appear only in the csoft function. However, the RG behavior for the csoft function should be the same as the plain jet mass since both jet mass distributions are scale invariant and the collinear function C k and the jet function J k are the same in both cases.
The RG equations can be solved by following the conventional methods using the Laplace transform [59, 60] , and the resummed result at NLL accuracy is written as
are the Laplace transforms of the dimensionless functionsJ k (ρ) and S I k (ρ), which are given to NLO aŝ
In Eq. (5.7), η 1 = 2a[Γ k C ](µ uc , µ cs ) and it is positive for µ uc > µ cs . Since Φ k is scale invariant, the factorization scale µ f does not appear in Eq. (5.7).
The exponent M I k at NLL accuracy is written as
Here S k Γ and a[f ] are defined as
where α 1,2 ≡ α s (µ 1,2 ) and b(α s ) = dα s /d ln µ is the QCD beta function.
Peak region: ρ y c 1
The groomed jet mass distribution is factorized in terms of the collinear (C k ), csoft (S II k ), ultracollinear (J k ), and ucsoft (U k ) functions, as shown in Eq. (4.14). Here the collinear functions C k and the jet functions J k for the ultracollinear modes are the same as those in the midrange region. The RG equations for S II k and the dimensionless functionŪ k are given by
And the anomalous dimensions are written as
The coefficients {A s2 , A u , κ u } = {1, −2, 1} are obtained from the NLO results in Eqs. (4.15) and (4.17) , and the noncusp anomalous dimensions at NLL accuracy areγ k s2 =γ k u = 0. The scale invariance of Φ k (ρ y c ) is guaranteed by the following relations:
By evolving the factorized functions from their own scales to the factorization scale µ f from Eq. (5.13), the resummed results are written as
. AndÛ k are the Laplace transforms of the dimensionless ucsoft functionsŪ k (ρ), which are given to NLO aŝ
The exponent M II k is written as
Nonglobal Logarithms
NGLs [54, 55] arise when gluons are radiated across the jet boundary, and contribute to a jet observable with the phase space constrained by the boundary. Although the leading NGLs begin to appear at two loop, the perturbative series is schematically given as n=2 b n NG (α s L NGL ) n , and hence contributes at NLL accuracy. Especially when there is a large energy difference between the gluons across the boundary, large NGLs appear. In the effective theory approach, when there are multiple modes to resolve the jet boundary and there is a large energy hierarchy among them, there appear large NGLs.
The groomed jet mass in the midrange region (ρ ∼ y c 1) is a NGL observable since the collinear and csoft modes can resolve the jet boundary and the csoft mode can contribute to the groomed jet mass. In the peak region (ρ y c 1), although the NGLs can be generated by the collinear and csoft modes, they do not affect the jet mass directly since the collinear and csoft modes contribute only to the normalization of the jet mass distribution.
For the plain jet mass distributions, the contribution of the NGLs is sizable around the peak region, but decreases rapidly away from the peak. However, we expect that the groomed jet mass is not affected substantially by the NGLs. The groomed jet mass in the peak region is not a NGL observable at all, and the NGL contribution in the midrange region is quite suppressed since this region is far away from the peak.
It is remarkable that the resummed result of the leading NGLs for a narrow isolated jet would take the same form as that for the hemisphere jet mass since the generating mechanism of the NGLs is similar [5, 8] . Therefore in order to estimate the NGL contribution to the groomed jet mass, we might be able to use the resummed formula of the leading NGLs in the large N c limit for the hemisphere jet mass [54] , which is written as
Here the fit parameters from the Monte Carlo simulation are given by a = 0.85C A , b = 0.86C A , and c = 1.33 [54] . In our analysis we set (µ 1 , µ 2 ) = (µ c , µ I cs ) for the midrange region and (µ 1 , µ 2 ) = (µ c , µ II cs ) for the peak region. For the NLL-resummed results (with the fixed NLO), the contributions of the NGLs in Eq. 
Numerical Results
We present the numerical analysis on the groomed jet mass distributionsΦ k (ρ). In fact, they are not physical observables, and for phenomenology, the ratio of the scattering cross sections in Eqs. (2.3) and (2.1) with respect to the jet mass should be considered by summing over all the contributions combined with the parton distribution functions. For example, the phenomenological analysis in the peak region has been performed in Ref. [27] . However, our main focus is the theoretical issue on how to implement the grooming method to the jet mass distribution, and how the resummation on ρ and y c affects the jet mass distribution over a wide range of ρ. Therefore the purpose of the numerical analysis is to offer theoretical understanding on how the groomed jet mass distributions for the quark-and gluon-initiated jets behave with grooming and how the results in different regions are affected by the resummation. A complete phenomenological analysis is beyond the scope of this paper, and will be performed in future work. Though the resummed result is independent of µ f , there is arbitrariness in setting the default scale for each factorized function. The uncertainties when each scale varies from 2µ 0 i to µ 0 i /2 separately are shown as gray bands in Fig. 3 .
Compared to the fixed NLO results without resummation (red dot-dashed lines in Fig. 3) , the resummed results are significantly enhanced by 50 − 80 %. Since the jet mass distribution for a gluon-initiated jet is broad and decreases slowly away from the peak, the distribution for the gluon-initiated jet is dominant over the quark-initiated jet in this region. Note that the contributions of the NGLs (blue dashed lines in in Fig. 3 ) are small even though the jet mass in this region is a nonglobal variable.
In Fig. 4 , we show the groomed jet mass distributions (multiplied by ρ) in the peak region (ρ Groomed jet mass distributions multiplied by ρ in the peak region (ρ y c ). Here Fig. 4-(a,c) are for the quark-initiated jet and Fig. 4-(b,d) for the gluon-initiated jet. The black thick lines denote the NLL resummed results with the fixed NLO corrections (NLL G + NLO) and the blue dashed lines denote the resummed results including NGLs (NLL G+NG + NLO). The red dot-dashed lines are the results resumming ln ρ at LL accuracy. Gray bands for the results at NLL G + NLO are the uncertainties under the scale variations from µ c,cs,uc,ucs = 2µ 0 c,cs,uc,ucs to µ 0 c,cs,uc,ucs /2.
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scales from 2µ 0 i to µ 0 i /2 separately, and they are shown as gray bands in Fig. 4 . To avoid the Landau pole as ρ goes to zero, we introduce a small, fixed point, ρ 0 . Then, in the region ρ < ρ 0 , we make the ucsoft scale freeze at a value slightly above the Landau pole. This is implemented by using the scale profile as
where we set µ min = 0.5 GeV. And ρ 0 and a are determined for µ pf ucs to be smooth and continuous at ρ 0 . Accordingly, the ultracollinear scale profile is given as µ pf
The NGL contributions to the resummed results (blue dashed lines in Fig. 4 ) come from the scale deviation between µ c and µ II cs , hence the NGLs in the peak region takes the form of ln y c and it affects the normalization of the distributions. As in the case of the midrange region, the effects are tiny, and especially negligible for a quark-initiated jet.
Red dot-dashed lines in Fig. 4 are the results of resumming ln ρ only with the accuracy of LL+NLO, 4 which are based on the factorized results in Eq. (4.7) reflecting the limit ρ y c ∼ O (1) . Comparing them to the default results (black thick lines in Fig. 4) , we see large deviations, which indicate that the resummation of ln y c give rise to a significant enhancement in the peak region. The enhancement from resumming on ln y c is persistent from the midrange region to the peak region.
In Fig. 5 we finally show the groomed jet mass distributions (multiplied by ρ) in the full range of ρ. Here black solid (dashed) lines are fully resummed results for small ρ and y c at NLL accuracy without (with) NGL effects, and they are illustrated by combining the tail (ρ y c ), midrange (ρ ∼ y c ) and the peak regions (ρ y c ). Here the distributions for the tail region are the same as the plain jet mass distributions without resummation.
In combining the groomed jet mass distributions in three different regions, we interpolate around ρ ∼ 0.08 (ρ ∼ 0.12) for smooth connection between the distributions in the midrange and the peak (tail) regions. 5 Compared with the groomed distributions only with the resummation on ln ρ (blue dot-dashed lines in Fig. 5 ), we observe that the resummation of the large logarithm ln y c yields a significant enhancement through all the regions.
The red solid (dashed) lines in Fig. 5 are the plain jet mass distributions at the accuracy of NLL+NLO without (with) the NGL effects. Compared with the fully resummed groomed distributions, we see that the NGL effects are quite suppressed by the grooming process. Also, especially for the quark-initiated jet, we see that the jet mass distribution for ρ ∼ [10 −3 , 0.1] is affected by the grooming. However, for the gluon-initiated jet, the grooming is not so effective.
The gluon jet distributions are usually broad and have a relatively thick tail region. Hence the grooming parameter y c = 0.1 might not be large enough to suppress multiple (collinear-)soft gluon radiations.
Conclusion
We have investigated the factorization of the groomed jet mass distribution in a wide range of the jet mass in the effective-theory approach. There are distinct modes in the tail, midrange, and peak regions contributing to each factorized part. In the tail region, the collinear modes are enough to describe the groomed jet function, which coincides with the ungroomed jet function. In the midrange region with small jet mass, we need the ultracollinear and csoft modes additionally. In the peak region with very small jet mass, the ucsoft modes are also required. We apply the effective theories appropriate in these regions to obtain the factorized groomed jet mass distributions and resum the large logarithms on ρ and/or y c . By combining all the results, we are able to have a bird's-eye view of the groomed jet mass distribution over the whole range of the jet mass.
The main issue is to implement the grooming procedure in theoretical calculations systematically. We have focused on how to treat the remaining particles, especially a single particle in a jet when those particles which fail the grooming criterion are removed from the jet. The grooming, rather than the tagging, is chosen such that the remaining particles contribute to the groomed jet mass even when the grooming criterion is not satisfied. This prescribes the theoretical computation at NLO. When the criterion fails, the remaining single particle contributes to the δ(M 2 J ) part, which includes the IR divergence in real emissions. However, it is cancelled by the virtual corrections, which also contribute to the δ(M 2 J ) part. Therefore the groomed jet mass distribution is IR safe and starts from α 0 s . We focus on the theoretical issues here, and a detailed phenomenological analysis following the experimental setup closely, along with the inclusion of the nonperturbative effects will be considered in future work.
In Ref. [24] , the factorization for groomed jet substructure was considered at NNLL accuracy. They focus on the factorization of the hemisphere jet mass distributions, in which the detailed ingredients of the factorizations are different. But the line of reasoning leading to the factorization is similar to the factorization in the peak region in our paper. In Refs. [25, 26] , a phenomenological analysis is performed on the groomed jet mass distributions in mMDT and soft drop in QCD with the estimation of nonperturbative effects. The approach of Ref. [27] is closely related to our analysis of the peak region.
The important features of our paper compared to previous literature are the following:
First, we elaborate on how to implement grooming theoretically in the effective-theory approach. Different modes are identified with different momentum scaling, and the overlap regions between different modes are disentangled using the zero-bin subtraction. The UV and IR divergences are carefully treated to see if they are separated. After nontrivial computation and consistency check, we find that the grooming procedure yields IR-safe factorized parts, while the tagging procedure does not at NLO. Using grooming, all the factorized parts are IR finite, and we can apply the RG equations to each of them to resum large logarithms. We here emphasize again that the IR safety or, at least no mixture of IR and UV divergences (as in the case of the parton distribution functions) is the essential requirement to construct and solve the RG equations.
Second, in order to scan all the possible range of the jet mass, we include the midrange region with ρ ∼ y c 1. It is located between the peak and the tail regions. In this region, the ultracollinear, csoft and collinear modes give factorized contributions, which are different from those in other regions. The new results of the factorized groomed jet mass distribution using mMDT and soft drop are presented, and it turns out that the resummation on ln y c , as well as ln ρ, gives appreciable enhancements which persists in the peak region. In the numerical analysis, the effect of the resummation on ln ρ and ln y c is appreciable though we put y c = 0.1. This enhances the groomed jet mass distribution by about 50 -80% compared to the result without resummation on ln y c . And nonglobal logarithms are negligible, which is the characteristic of mMDT and soft drop.
The study of jet substructure has become a mature subject along with the concurrent experimental analysis. The jet substructure can be investigated in various observables other than the jet mass distribution. They can be probed using higher-order contributions, which include nonglobal and clustering logarithms, or considering the behavior of the signal jets. The analytical comparison of the jet structure between the QCD jets and the signal jets will be a cornerstone to discover new physics through the study of jets. These features will be explored in future work, based on the approaches presented in this paper.
A List of all the functions in the groomed mass distribution functions 
ln y − 1 − y 18(1 + y) 3 (13 + 22y + 13y 2 ) .
In the limit of small y, they become
The functions f q (w) and f g (w) are given as
The functions g q (y) and g g (y) are given as g q (y) = 3 2 − 3 1 + y − 2 ln y, g g (y) = − 1 − y 6(1 + y) 3 (11 + 20y + 11y 2 ) − 2 ln y +
(A.4)
In the limit y → 0, they approach
The functions h q (y) and h g (y) shown in Eqs. (3.5) 
and their limiting forms for small y are given as h q (y) → − 7 2 + π 2 3 + ln 2 y, h g (y) → − 67 18 + π 2 3 + ln 2 y + 5 9
B Conversion of the Λ-distribution to the standard plus distribution
The jet mass distributions and its factorized functions such as the standard jet function and the csoft and ucsoft functions with the Λ-distribution can be expressed in terms of the standard plus functions. Let us define the dimensionless jet mass variable ρ = M 2 J /Q 2 , where Q = p J T R. Then the following Λ-distribution with a given function g(M 2 J ) can be written as
Therefore if we define the dimensionless function,ĝ(ρ) = Q 2 g(M 2 J ), the distribution reads
For example, the following Λ-distributions can be rewritten as
C NLO calculations ofC k and S II k with the zero-bin subtraction
The collinear contributionC k (Q 2 , µ) in the limit ρ y c ∼ O(1) can be computed by considering the phase spaces, as shown in Fig. 6 . The collinear emission cannot satisfy the mMDT criterion, otherwise ρ becomes O(1). Therefore it cannot contribute to the nonzero jet mass directly.
In the first row in Fig. 6, the figure on Figure 6 . The phase spaces for the collinear contribution in the region ρ y c ∼ O(1) with the zero-bin subtraction. The resultant phase space is shown in the second row and it is decomposed into two parts. The first one yields the integrated jet function since it is the sum of the real contribution under the parabola with the virtual corrections. It is cancelled by performing the normalization, and the remaining second one yields the collinear function. The csoft function S II k (y 2 c Q 2 , µ) in the peak region (ρ y c 1) can be computed by considering the phase spaces shown in Fig. 7 . The first figure corresponds to the available phase space for the csoft gluon emission. Since the csoft radiation in this region cannot yield the nonzero groomed jet mass, it only contributes to the normalization of the jet mass distribution likeC k . The second figure represents the phase space for the zero-bin subtraction. The virtual corrections in these two modes should be added, but they are the same. Therefore the virtual contributions cancel after the zero-bin subtraction. From the resultant phase space in Fig. 7 , we easily see that there is no IR divergence and only the UV divergence exists.
The one loop result of the csoft contribution is obtained by integrating over the shaded region in the third figure in Fig. 7 . The NLO results are given as S II k (y 2 c Q 2 , µ) = 1 + α s C k 2π
After renormalization we obtain the csoft function S II k (y 2 c Q 2 , µ) in Eq. (4.15).
